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The precise analysis of the variance of the profile of a suffig has been a longstanding open problem. We analyze
three regimes of the asymptotic growth of the variance ofpttefile of a suffix tree built from a randomly gener-
ated binary string, in the nonuniform case. We utilize camabirics on words, singularity analysis, and the Mellin
transform.
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1 Introduction

One open problem about suffix trees is how to characterizeuthmder of internal nodes on tt¢h level of

a suffix tree that has leaves. Park et al. [PHNSQ9] precisely analyzed the profiletaeval tries in 2009.
Ward has been working on the analogous problem in suffix fimess decade; see, e.g., [NW11, War07].
While the mean profile of retrieval trees and suffix trees laeeseme (asymptotically, up to first order, in
the main range of interest of the parameters), the variasfdée profiles of these two classes of trees are
different. The goal of this paper is to precisely analyzevdsgance of the profile of suffix trees.

In retrieval trees, the strings inserted into the tree stinecare often considered to be independent; such
was the case in [PHNSO09]. In contrast to this, in suffix trées strings inserted into the tree are suffixes
of a common string, so these strings are overlapping. Theapgemake the corresponding analysis much
trickier, as compared to [PHNS09].

We analyze a suffix tree built from the suffixes of a commomgts = 515,55 ..., where theS;’s
are randomly generated, independent, and identicallyillised. We view eacly; as a letter from the
alphabetd = {a,b}, whereP(S; = a) = pandP(S; = b) = ¢. (Without loss of generality, we assume
throughout thap > ¢.) We useA’ to denote the set of words of lengthFor a wordu that consists of
occurrences of letterand;j occurrences of lettdr, we useP(u) to denote the probability that a randomly
chosen word of lengthu| is exactly equal tau, i.e.,P(u) := pi¢.

The jth string to be inserted into the suffix tree§§) := S5;Si+15j+2 . ... We consider a randomly
generated suffix tre@, built over the firstn suffixes ofS, i.e., built from the suffixes (") throughS™.
Briefly, all n of these suffixes can be viewed as initially being placed atrtiot of the suffix tree. The
n suffixes are then filtered down to the left or right childrertloé root, making the classification of the
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suffixes according to whether the first letter of each suffidaisor “ b”, respectively. The filtering contin-
ues down through the tree, with splitting at tfth level according to théth letter in the corresponding
suffixes in that portion of the tree.

For each wordw € A", the suffix tree7,, will contain the internal node correspondingutdf and
only if the base-string' contains at least two copies of the wardvithin its firstn 4+ k£ — 1 characters.
(Equivalently,7,, contains the internal node corresponding:tid and only if at least two of the suffixes
S throughS™ haveu as a prefix.) For this reason, we defihg, := 1 if « appears at least twice in
51852 ... Sptk—1, Or I, ,, := 0 otherwise. We us€,,  to denote the number of internal nodes/inat
level k. With the above notation in place, we observe that, = ZueAk I, ... This decomposition will
be crucial to our proofs, which start in Section 3.

Finally, following the lead of [PHNSO09], we assume that tineitl o := lim,,_,~ k/ log(n) exists.

2 Main Results

The value ofVar(X,, ;) depends qualitatively on the quantity which describes the relationship be-
tweenn andk via the relationt/ log(n) — «. It turns out that there are two particular alpha-values of
importance,

1 P +4q

B 27 p2log(p) + ¢ log(q)”

log(q)’

We do not attempt, as Park et al. did in [PHNS09], to analyeetises where is exactly equal to one of
thesen;, but instead assume that bath— «;| are strictly positive. Given this restriction, it is perisilsle
to take the approximatioh = « log(n), which we do henceforth without comment.

The variance obeys different laws depending on where thgevad « falls in the ranges defined by
thesen;. The range of most interest is (perhaps) the range in wiick o < as; we discuss this case in
Theorem 2. (The case < «; is discussed in Theorem 1; and the cage< « is handled in Theorem 3.)

Whena is small, we have an easy and very strong bound on the dedéyr (X, «).

Theorem 1 Whena < g, there exist$3 > 0 such that
Var(Xn.) = O(e™").

The proof of Theorem 1 follows from lemmas that mimic the taghes of [War05]; we omit it from
this shortened version. The intuitive meaning behind Téeot is that levek of the suffix tree is ex-
tremely likely to be completely filled (meaning the varianvedl be extremely small) iflog(n) is suffi-
ciently large in comparison th.

Our main results deal with the less trivial case when «;. We first introduce the functions involved
in our main estimates, and provide a word on how we obtain them

2.1 Functions Involved in Main Results; Methodology

Our basic device for computing the variance of the intermafife is to write X, , as a sum of indicator
variablesr,, ,,, and then evaluate

Var(Xn ) = Var( Y Inu)= Y Var(Inu)+ Y Cov(Inu,Inu). 1)
u€ Ak ue Ak u,veA*
uFv
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Our final analysis of the sum of théar (7, ,,) will be fairly simple: we will ultimately just have to
evaluate the inverse Mellin integral
1 c+ioo 1 ct+100

¢ P ds = — s) n") ds
o f(s) Y Plu)t ds = o— f(s) ") ds, @

2mi J._; »
c—100 we Ak c—100

where the functiork(s) will be given by
h(s) := —s+ alog(p™® 4+ ¢ °).

(See [FGD95] for more details about the Mellin transformbjeTunctionk(s) is the same as analyzed
in [PHNSO09], and their arguments extend seamlessly to ae.ca

On the other hand, the tern@®v(l,, ,, In) for u # v will be novel and much more interesting.
To deal with them, we will consider all possible overlappafecompositiongow, wé) of (u,v). To
accomplish this, we observe that

k—1 k-1 ¢
Y Y o Eerre) =3 Y (§)(§)ure e,
£=1 e AF—1 =14j=0 \'"/ \J
U,@GAE

whereH (s,r, ¢, d) is defined as
(6%
H(s,7.c.d) = =5+ a(l = 1) log(p~ + ) — 57 ) log((pq" )" + (g ~)*").

Note: For ease of the (already cumbersome) notation, we taiverittena nor k as a parameter of.
We will substitute the right hand side of (3) far =" _ .« P(u)~° into equation (2). We will use a
technique forH similar to that used foh, namely, summing over all possible valygg‘—* andp’¢‘~7
of P(o) andP(9) respectively, and summirig(w) into a closed form, as was done at (2).

The dominant contribution to (3) comes from terms with smalSincelim,_,o H(s,r, ¢,d) = h(s),
this implies thaty | Cov(l,,,u, In,w) and}_, Var(1, ) have the same first-order asymptotic growth, as
functions ofn. 7

We will evaluate the inverse Mellin integral at (2) (and thagous integral fofl) by using either
the saddle point method or by taking the residue of the pol§ of+ 2) ats = —2; which device we use
will depend on the value af. Before giving our main results, we list the saddle pointsheffunctions
h(s) andH (s, r,c,d), which are

(_ alog(p) + 1)
alog(q) +1
log(p/q)
( a1 —r)log(p) +1+ (a/k)log((p°q' )" + (pdq“d)’"))
a(l —r)log(q) +1+ (a/k)log((p°q' )" + (pq'~4)*)
log(p/q)
It is also easy to verify that for any € Z, the values = p + 2miy/ log(p/q) is also a saddle point df,
and similarly,s = p,...q + 2miy/ log(p/q) is a saddle point off.
These saddle points will (at last) allow us to express an psytic value forVar(X, ;) in the case
wherea; < a < as.

(4)

Pr.c,d =
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2.2 Behavior in the main regime
Theorem 2 Assumey satisfiesy; < o < aq. Letp andp,. . ¢ be asin (4). Then we have

w0 (Ci(n) +2C5(n)

Var(Xnyk) = 1og(n)

(1+ O(log(n)™)).

TheC:(n) is given by

Cr(n) = Z nii‘f(h(PJriyK))fl(p +iyK)T(p+iyK + 1)
2" (p + iyK)

)

YyeEL

whereK := 2/ log(p/q) and wheref; (s) := 1 — 27¢ — s275~2. RegardingC>(n), we define: = £,
¢c=1,d =1, andthenCs(n) is given by

O\ [0\ nt(pr.ca:mc.d) iS(H(pre.at+iyK,rc,d)) . K. 0.0, )T (. VK 49
Ca(n) = Y ()()" n foprea + iy K, £,i, )T (pre,a + iyK +2)

; h
0<Ll<k J " @ YyEL \/271—83_]5{(p7‘707d+iyK7 rc, d)
0<i,j<¢
x (14 O(log(n)™)).
with the functionfz(s, ¢, 4, j) given by
. igl=inigt=i \m-1 T'(s+m i b—ip g l—j i 0—i, G f—j
fg(s,ﬁ,z,j):Z( ‘pg_‘pql g_‘) ( )| m( .pg_,pq,g_., ,pg_, pqg_.Q,s—i-m),
pigti 4+ pigt D(s +2)m! " \pigt=t +pigt=3" (pig*~" + pig*=9)

m>2
with

Ly (a,b,x) = a(m —1)% +m(2 — m) + bma.
Furthermore, the outer sum ifi; (n) satisfies the decay condition that for any positive intégethe sum
overalll > ¢y andl < i,j < £is O(n~(/k)*8) for a fixeds > 0.
2.3 Behavior in the polar regime

In the finala-regime, wherex > a2, the asymptotics arise from the polesat= —2, as the following
theorem states.

Theorem 3 Assume the parametersatisfiesy > as. Then for some > 0, we have
Var(X,, 1) = nh(_z)(Cl (n) +2C3(n)) x (1+0(n™°))
with f1, f2 as defined in Theorem 2, ady (n), C2(n) are given by

nH(=2r.c,d)

0<i,j<¢
with the decay of’>(n) as in Theorem 2.

Having stated our main results, we now proceed to the prodhebrems 2 and 3, which will occupy
the remainder of the paper.
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3 An Expression for the Variance

Ouir first task in proving Theorems 2 and 3 is to obtain an exgmtession for the variance of the internal
profile X, .. Recalling equation (1), we need to derive the valuééof 1, ,,) andCov(l, , I, ), SOWe
let U,, denote the number of occurrences:oh the firstn characters of, and we defind/,, analogously.
Then inclusions-exclusion yields the representations

1 1
Var(Ip..) = (1 ~ S P(Uniir = i)) - (1 ~ S PUniir = i))2
i=0 =0
COV(In,uaIn,v) = Z (]P)(UnJrkfl =1, Votk—1 = J) - ]P)(UnJrk*l = Z) X P(VnJrkfl = J)) (5)
0<i,j<1

where we require: andv to be distinct. Thus, to obtain an expression Yo (X, ), we just have to
evaluate all the probabilities in (5).

4 Explicit Expressions for Word-Occurrence Probabilities

To estimate the probabilities in (5), we use generating tions, and complex analysis. Motivated
by [BCN12], we define

P(2) = Cuu(2)Cpu(2) — Cuw(2)Cyu(2), and Pu(z) = Cyou(2) — Cuu(2), (6)

where the function€’; ,(z) arecorrelation polynomialsthe fundamental device for dealing with the
phenomenon of word-overlaps. With these functions in hardgan define generating-functions for all
the probabilities in (5). We summarize the result in thedeihg proposition.

Proposition 1 Letv(z) and¢,(z) be as defined at (6), and define the functions

Du(2) = (1= 2)Cuu(2) + 2"P(u),  buw(2) = (1 — 2)9(2) + 2 (6u(2)P(u) + 60 (2)P(v)),
Gy (2) = Cul2), G (2) = Pu)zF, G55V (2) = 0(2), G%”(2) = 8u,u(2)Cou(2) — (2)Dy(2),
G(2) = 0u,0(2)% = 8u,0(2) (Coro(2) Dt (2) + Cuu(2) Do (2) + (1 = 2)90(2)) + 200(2) D (2) Do (2),

(@)

with all v-counting functions defined in a manner analogous toufwwunting functions. Then we have
the closed-form power series expressions

A (2) G (2)

5 = X Bl =i Ve=j), 0<ij<1
n>0 u,v

n>0
)

Now we must derive thén + k£ — 1)st coefficients of these generating functions. To do this, we
use Cauchy’s Integral Formula, following a standard argurnirecombinatorics on words. Our specific
methodology will rely on a vital fact about the denominatbxgz), D, (z) andd,, ., (z) of the probability
generating functions in (8).
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Lemma 1 There existK, p > 0 such that for allk > K and allu,v € A*, each of the polynomials
D,(z), D,(z), and d, ,(z) has a unique root (defined respectively &s, R, and R,,,) in the disc
2] < p.

The proof forD,,(z) andD,(z) is given in [JSO5]; spatial constraints prevent us fromrgivthe proof for
thed,, ,(z) portion.

Armed with Lemma 1, we can estimate the word-counting cdefits of our generating functions to
within a factor ofO(p~") by applying Cauchy’s Theorem to the contaue |p|. The following theorem
gives the resultant estimates.

Theorem 4 Let the polynomial®,,, D.,, 6, ande)“), G§“>, etc. be as in (7) and (8). If we define

W = _Cu,u(Ru) W P(u) Dy (Ru) - P(u)
0 Dy(R.) T Y Du(RW® T T D (R
then we have the following estimates
(w_ 1 w1l w_n
P(Un+k71 = O) =~ CO-,On—-Hc’ and P(Un+k71 = 1) ~ Cl,oﬁ + C171 W,
and the error in each case 8(p™").
Similarly, for the joint event§U,, 1 x—1 = 4, Vi4x—1 = J), and
a(u,u) _ 1/]I(Ru,v) a(u,v) _ _Ggu()v) (Ruyv)(slu/,v(Ru-,U) a(u,v) _ Ggildv) (Ru7v)
0,0 5&71) (Ru,u) ’ 1,0,u 5/(Ru,v)3 ’ 1,1,u 5/(Ru77j)2 ’
a(u,v) _ _G?fiv)”(Ru,v) + 3G§1.%1’U)/(Ru,v)du,v”(Ru,v)
0 B 264},,U(Ru7’0)3 25&,1}(}2%1})4
G (Ru) (=610 (R )3ty (Ru) + 304 o (Ru)?)
26y, , Ry»)? ’
Loy _ GLE Fun) 3G (Ru)bun” (Buw) (G (Ru)
U Gun/ (Ruw)? 2000 (Ruv ) ro? 26/, ,(Ru.v)*’

with ng;=v>(z) as in (8), we also obtain these estimates, where again, toe iereach case i€)(p~"):

u,v 1
]P)(Un+kfl = O, Vn+kfl = O) ~ aé,d )Rg,tk’
woy 1 wwy | (n+k)
PUpyr—1 =1, Vg1 =0) = ag,o,i ek + agvlﬂi * Ry
(u,’u) (n + k)

uv)y(n+E)(n+k+1)

_ Sy o) L (u,
]P)(UnJrk,l = 1, VnJrk;fl = 1) = a e + a271 Rgthrl as o Rﬂtk”

2,0 n+k
Ry

Using these expressions, we can evaluate the expressioNaif(l,, ,,) and Cov (I, 4, I.) at (5) to
within a factor of O(p~"). In doing this, however, it will be helpful to break up ourigstes from
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Theorem 4 so that terms of common ordeniare denoted under a single variable. We therefore define
the upper-case constants (we suppress the dependena@na in the notation)

oo ot kel )
0= Rk RkJrl ’ 1= RkJrl ’
o 0" atg +arg) +afs”  (odli + etttk ariVk(k+1)
"= RL, TR B
A — ag 1,u o+ agulvv) + aéulv) aguzv)(zk +1) A, = 22 B — cg?())cé?g
1= RELT TRz o 27 Rt 0= (RuR)F
(w)  (u) (v)  (u) O] (v)
[ (), 1,1\ %,0 o €11 0,0 o (w) (), €11
Bl_(10+R—)Rk+( RU)R—{j’ BQ‘(10+R_U)(CL0+RU)' ©)

Returning to the expressiovar (X, x) = > ,cax Var(lyu) + >, year Cov(ln,,), we obtain an ex-

uFv
pression for our ultimate desired quantity.

Corollary 1 Let A;, B;, C; be as defined in (9). WitH;, B, andC; as in (9), we have the estimate

Var(X,, ;) = Z (1—700 —};;Cl)—(l Co—i—nCl) Z Z(

ue Ak m ’UG.Ak =0
u;ﬁv

7i )n)n”ro(p‘")-

u,v

4.1 High-Probability Approximations

Our task is now to approximate the expression from Corollarylo achieve this, we follow the usual
suffix-tree strategy: we compare the terms to simpler onaeshaiill be accurate with very high proba-
bility, and use Mellin transforms to show that sum of the tiféecences between the old terms and the
new ones is negligible. Our two main tools for demonstrathig negligibility are bounds provided by
the following lemma.

Lemma2 We have the bounds

> P(u)(Cuu(l) — 1) = O(p*?), > P(u)Clu(1)Cou(1) = O(p*?)
uc Ak u,veAF
uFv

The first portion of Lemma 2 is proved in [JS05]; spatial comsts prevent us from proving the second
portion here. However, by rigorously expanding on the tstierC,, ,(1) ~ 1 andC, ,(1)C,(1) ~ 0,
we obtain the following theorem which is one of the major stepthe proof.

Theorem 5 We define the ternt®, , := P(u) +P(v),, Ou.v := P(u)Cy (1) +P(v)C,y (1), and K, , =
(2k — 1)P(u)P(v), and the expressions
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Vi) == > 1= (1+nP(u)e ™" — (1= (1 +nP(u))e )7,
uc Ak
Va(n) := Z ng]P)(u)P(v)Ku_rve*"(P“’”7@“’”),
u,veA"
uFv
Va(n) := Z e~ "Puw (enOuw _ 1) (14 nPy, + n*P(u)P(v)) — e "Pur=Oulpg, (1+n(Puy — Ouy)).

u,vEAk
uFv

Then, for every > 0, we have the estimate
Var(X,, k) = Vi(n) = Va(n) + 2V3(n) + O (n!+(/2) les@) <),

We mention that the terrir; (n) has already been analyzed in Park [PHNSO09]. It gives the pitio
variance of the internal profile intaie. The termV,(n) is negligible. Thus, after proving Theorem 5, all
that will remain will be to analyz&3(n).

5 Distilling Essence of Estimate

We must now analyze the estimate from Theorem 5, which cisnsishe termd/ (n), Va(n) andVs(n).
We can deal with the first two of these terms in two quick theweTheorem 6 was proven in [PHNSQ9].
Theorem 7 has a short proof, which we omit in this conciseioprs

Theorem 6 An asymptotic expression fof (n) is given by th&’; (n) portions from Theorems 2 and 3.
Theorem 7 The termV;(n) from Theorem 8 satisfidg(n) = Var(X,, x)O(n~¢) for somee > 0.

For the rest of the paper, then, we concentrate on the pdrtion), which contains the ter®,, ,, =
P(u)Cy(1) + P(v)C, (1) and constitutes the really novel part of the whole entegpridVe deal
with ©,,, by nothing that, by Lemma 2, the quantiti€s, ,(1) and C, (1) are unlikely to simul-
taneously be large, so the approximati®n , ~ P(u)C, (1) is reasonable. From here, we note
that for ©, , to be nonzero we must haw, (1) > 0, in which case there exists some maximal
suffix of v which is also a prefix ob. If we call this wordw, and then have the precise equality
P(u)Cy»(1) = P(o)P(w)P(0)Cop.(1). whereo, 0 € AF~IvI are such thatt = ow andv = wé.
Then we employ the estimaté, ,,(1) ~ 1, again as suggested by Lemma 2. We thus have the central
estimate©,,, =~ P(c)P(w)P(f). Our strategy, then, is to make the substitutions= cw, v = w6,
and©,,, = P(o)P(w)P(A) in the summand oi/3(n), and then sum over all possible such decompo-
sitions. In the proof and final result it will be helpful to rethe shorthan®,, , := P(o) + P(#) and
Ts0 :=P(0)P(8), The following theorem states that this heuristic can beragsly justified.

Theorem 8 LetQ, 4, T, ¢ be as defined above, and define the functions

gwp’e(n) _ e—nIF’(w)Qn,e(ewIP’(w)Tg,e _ 1)(1 + CC]P)(TU)ng + nz]P’(w)QTUﬁ)
_ e—zIP(w)(QU,e—Ta,e)xp(w)'raﬂ (1 + xIP’(w)(QUﬁ _ To—,e))
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andVs(n) := ’;;11 Y weak—t Ju,o,0(n). ThenforVs(n) as given in Theorem 5, we have the estimate
o,0eAt

Va(n) = 2‘73(71) + O(nlﬂo‘/z) log(p)“).
One proves Theorem 8 by making the substitutiB(s)Q, s ~ P, ., andP(w)T, ¢ ~ ©.,,, and then
using Mellin transforms and Lemma 2 to show that the derivearédound is satisfied.
6 Derivation of Asymptotics

To complete the main proof, it remains only to anal%én). We present the key results in this process
in a series of subsections.

6.1 Partitioning the Sum

Ouir first step is to partition the sum which comprige(sn). into subsets which share a common value for
the ordered paifP(c), P(0)). We can rewrite the functiog, » ¢(n) from Thereom 8 as an infinite sum,

xP(w me—l Y T P T
g’w,o,é(x) = e*IP(’w)Qa,e Z ( ( )) o,0 ,eLm( o,0 (H)) 0.797 x)

m'

b)
m>2 . QU,O QU,O

with the functionL,,, given by L, (a, b, z) := a(m — 1)* + m(2 — m) + bma. The term,, , andT,
only depend on th@robabilitiesof o andé; their internal composition does not matter. This allows a
great reduction in the number of terms to handle. With sonusebf notation, we define the terms

k _ _
Qfﬁ,c),d = Qakrcka(l—c)_’akrdka(l—d) = pkrchr(l ©) +pkrqur(1 d)

)

k —
Tf“.,c).,d = Takrcbkr(lfc)7akrdbk7‘(17d) = pkrchT(l °) X p

krqur(l—d)

and then define the atom of all our remaining analysis, wtich i

P(w))m'r(k) m—lQ(k) T(k) ]P)(w)T(k)
o —mIF’(w)Qikg (‘T r,c,d r,c,d ( r,c,d r,c,d )
g(z,r c,d) = Z e wed Z oy Ly, Q(k ) Q(k) y T
weAk(1—7) m>2 r,c,d r,c,d
(10)
With this notation, we have the following proposition.
Proposition 2 Letg(x,r,c,d) be as in (10). Theﬁ’g(n) from Theorem 8 admits the representation

= 3 (7)()om b4 9 a

0<<k
0<i,j<L

Now we analyzey.
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6.2 Analysis of g(n,r, ¢, d)

All our final estimates rest on our analysis of the functjagiven in Proposition 2. To begin that analysis,
we take the Mellin transform of and, specifying the bounded portion

TO ot Pspmy TR T®)
W(S7 T, C, d) = Z Tycyd) Lm ried ) ned , S + m) )
2 (g) (G ot

we obtain
g (s,re,d) =T(s +2)W(s,r,e,d)Q™ = 3 P(w)~®
weAk1—=T)
=T(s +2)W(s,r, e, d)Q™) ,=5(p~= + ¢ =)k,

r,c,d

We then consider the value af *g* (s, r, ¢, d), which will be the integrand of our inverse Mellin inte-
gral. Using the relatior = a/log(n), we can writen=*g*(s, 7, ¢,d) = T'(s + 2)W (s, 7, ¢, d)nf (e,
where the functior is as defined in Section 2.1. From here, we can recover the edly(n, r, ¢, d) via
an inverse Mellin transform. We summarize the results iféHewing theorem.

Theorem 9 Define the discriminant
a(l —r)
(a/k)log(QY) ) +1

Then the functiog(n, r, ¢, d) defined in (10) obeys the following asymptotic scheme.
If A(r,e,d) < a1, theng(n,r,c,d) = O(n=M) for everyM > 0.
If oy < A(r,¢,d) < ag, then

A(r,e,d) =

nH(p7‘,c,d7T=C=d) ni(‘\Y(H(p7‘,c,d+iyK=T7C7d))W(prycyd _|_ ZyK7 T, C, d)r(pr,c,d + ZyK + 2)
log(n) ez \/ 2198 (py.c.a + iy K, 7, c,d)
% (1+O(log(n)~1/2)).

g(”? T? C? d) =

If A(r,c,d) > ag, theng(n,r, c,d) = n(=2meDW (=2, r ¢, d)(1 + O(n=¢)) for somee > 0.

The estimates of Theorem 9 can be derived using technigaearth standard (albeit pretty technical) in
the analysis of tree structures. In the first regime, one hawshatH (s, r, ¢, d) is always decreasing in
s, SO integrating alondit(s) = so for H(sg) = —M gives the desired bound. In the second regime we
use the saddle-point method, and in the final regime, we eldrayasymptotics by taking the residue from
the pole ofl'(s + 2) ats = —2.

Theorem 9, though certainly essential, is not in itself sigfit for our purposes, since we have to sum
g(n, %, %, %) over a set of triplet$/, i, j) that will grow unboundedly large as — oc. The next lemma
gives the needed statement about uniform convergence.

Lemma3 Supposer; < « < «as. Then there exists, > 0 such that for all triplets(r, ¢, d) in the rect-
angle Ry = [0, o] x [0,1]%, we haven; < A(r,c,d) < as, and the saddle-point estimate of Theorem 9
holds uniformly. Furthermore, the analogous result hold#hie polar case, when > as.
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The claims abouti(r, ¢, d) lying in particular ranges follow easily from the definitioh A(r, ¢,d). To
show uniformity in the saddle point case, we use bounds f@wi70], which are uniform on the compact
setRy. In the polar regime, we again use the compactnesg ab show that the-partial of H (s, r, ¢, d)
ats = 0 is bounded below by a positive constant, meaning that foresom 0, we can uniformly take the
left-hand side our Mellin box to b(s) = —2 — e, thereby obtaining an error that@(n?(—2-¢med)),
with the (r, ¢, d) portion controlled by compactness.

7 Bounding the Tall

Theorem 9 justifies the content 6%(n) in the main Theorems 2 and 3. However, we still have to justify
the uniform(1 + O(-)) error-bounds given in the leading equations of those tmesrgvhich amounts
to showing that our estimates fgtn, r, ¢, d) are uniform outside the compact rectan@lg) as well as
prove our claim about the decay of the outer sur@'iin).

We can accomplish both these tasks using the same argunirshtwe unify thes-arguments fof in
the polar and saddle-point cases into a single term,

: <a<
Pred = {”“"d N (12)
-1 o> Qo.

Then we note that if we define

G(r,c,d) = ar(—clog(c) — (1 — ¢)log(1 — ¢) — dlog(d) — (1 — d)log(1 — d)) + H(pyr.c,a, 7 C, c(l),B)
1

then by Stirling’s Formula we have

I{JT kr - G(T,C,d)
(o ) (o ot o) = 0 ¥ (o),
where the functiorY (log(n)) is unimportant except for the fact that its growth/decayiareg(n). We
now state an important and somewhat surprising result ghedtinctionG.

Lemma4 Let the functiorG(r, ¢, d) be as in (13), andi(r, ¢, d) the discriminant from Theorem 9. Then
for any fixedr such that the set?, := {(¢,d) : A(r,¢,d) > ay} is nonempty, the mag,d) —
G(r, ¢, d) attains its maximum at a unique ordered péir,, (1), ¢, (r)) on the diagonal of,.

The proof of Lemma 4, although not exceedingly difficult artteical, is rather long and (to us) not very
intuitive. We therefore omit it. Lemma 4 allows us to define fanction

F(r) = G(ryem(r), em(r)) (14)

for everyr on which the sef2, defined in Lemma 4 is nonempty. We now state two vital factsiatios
F, which are exactly the results needed complete the proof.

Lemma5 The function?'(r) defined at (14) is concave, and moreokien,. o F’(r) < 0.

The statements in Theorems 2 and 3 about the decéy (@f) immediately follow from Lemma 5, since
we haven ! ()= (E/MEO) > pF(E/R) > (0) ()nH(reared) and one readily verifies tha(0) = h(p)

in the saddle-point case and0) in the polar case. It remains only to justify the glolgabounds at the
beginning of Theorems 2 and 3 for thogec, d) outside the rectangl&, given in Lemma 3, which the

following achieves.
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Lemma 6 With F as defined at (14) ang as at (10), for all sufficiently smat, there existg” such that

kr kr F(0)—(r /
< (0)—(ro/2)F'(0)
<k7‘c> <krd>g(n,r, ¢,d) < Cn

forall » > ro and all (¢, d) € [0, 1].

The main tool in proving Lemma 6 is Lemma 5, although some vimrkquired in proving uniformity in
(for example) cases where the saddle ppjnt,; is very close to the pole at= —2.

Acknowledgements

Ward thanks the authors of [BCN12] for their hospitality ithgr several visits to Paris, which enabled
him to work on this problem. Both authors also thank the atgtb6[PHNSO09] for their pioneering work

in this area. Moreover, we both acknowledge W. Szpankowslki aonstant source of encouragement
during the years in which we worked toward a method of sofutfénally, we thank the three anonymous
referees for their very insightful comments, correctiars] suggestions.

References

[BCN12] F. Bassino, J. Clement, and P. Nicodeme. Countiogurrences for a finite set of words:
combinatorial methodsACM Transactions on Algorithm8(3):31:1-28, July 2012.

[FGD95] P. Flajolet, X. Gourdon, and P. Dumas. Mellin tramseis and asymptotics: Harmonic sums.
Theoretical Computer Sciencb44:3-58, 1995.

[FHZ14] M. Fuchs, H.-K. Hwang, and V. Zacharovas. An analgipproach to the asymptotic variance
of trie statistics and related structur@heoretical Computer Science27:1-36, 2014.

[JS05] P. Jacquet and W. Szpankowski. Analytic approachattep matching. In M. Lothaire,
editor,Applied Combinatorics on Wordshapter 7. Cambridge, 2005.

[NW11] P. Nicodeme and M.-D. WardTowards the variance of the profile of suffix tregslume
23/2011, pages 1269-1272. Mathematisches Forschuriggitdterwolfach, 2011.

[Ov70] F. W. J. Olver. Why steepest descen&AM Reviewl2:228-247, 1970.

[PHNSO09] G. Park, H.-K. Hwang, P. Nicodeme, and W. SzpargkowProfiles of triesSIAM Journal on
Computing 38:1821-1880, 2009.

[Szp01] W. SzpankowskiAverage Case Analysis of Algorithms on Sequengdsison-Wesley, Wi-
ley, 2001.

[War05] M. D. Ward. Analysis of the Multiplicity Matching Parameter in Suffibe&s PhD thesis,
Purdue University, West Lafayette, IN, May 2005.

[War07] M. D. Ward. The average profile of suffix trees. Tlne Fourth Workshop on Analytic Algo-
rithmics and Combinatorics (ANALCO Qpages 183-193, 2007.



