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Abstract

This paper complements the analysis of Louchard and Prodinger [LP08]
on the number of rounds in a coin-flipping selection algorithm that occurs in
the presence of a demon. We precisely analyze a very different aspect of
the selection algorithm, using different methods of analysis. Specifically, we
obtain precise descriptions of the distribution and all moments of the number
of participants ultimately selected during the execution of the algorithm. The
selection algorithm is robust in at least two significant ways. The presence of
a demon allows for the precise analysis even when errors may occur between
the rounds of the selection process. (The analysis also handles the more
traditional case, in which no demon is involved.) The selection algorithm can
also use either biased or unbiased coins.

1. Introduction

We precisely analyze the number of survivors in a selection process that occurs
in the presence of a demon. Louchard and Prodinger [LP08] recently utilized a
different methodology (for extreme value distributions, often referred to as “Gumbel
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distributions”) to analyze the number of rounds required to perform the selection
algorithm.

The inclusion of a “demon” can be viewed as a generalization of traditional se-
lection algorithms. The demon represents errors which might occur between rounds
of the process. Another interpretation is that participants might be likely to drop
out of the selection process for reasons unrelated to the coin flips in the selection
process itself. In each round, exactly one participant is removed by the “demon”
with probability v; otherwise, the demon does not affect any participants in that
round. Thus, a traditional selection algorithm (with no demon involved) is just a
special case (using v = 0) of our very general analysis. The special case v =0 (i.e.,
with no demon involved) is a selection process using a traversal of binary retrieval
trees (tries), where a coin flip of “heads” is analogous to descending one direction
in the trie, and a flip of “tails” corresponds to descending in the other direction.
We use p and ¢ (respectively) for the probabilities of heads and tails on coins in
the selection algorithm. The analysis is sufficiently general to handle both the un-
biased (p = ¢ = 1/2) and biased (p # ¢) processes. The involvement of a demon
makes the present algorithm more complicated and realistic than the traditional
trie algorithm.

We are able to give the complete distribution and all moments of the number
of survivors in a selection algorithm that occurs in the presence of a demon.

2. Selection algorithm

At the start of the selection algorithm, n people are present. Each person
flips a coin with probability ¢ of heads and p of tails. If all n people flip tails, then
they are all selected by the algorithm and the selection process is finished. If j > 0
people flip heads, then these j people remain in play, and the other n — j (who
flipped tails) are eliminated from further play.

Then a demon arrives and, with probability v, removes exactly one of the
survivors, so j — 1 remain; he leaves the j survivors alone with probability y = 1—wv.
If he leaves the j survivors alone, then these j survivors begin another round of coin
flipping. If he removes a survivor and j — 1 = 0 (i.e., no survivors remain) then
the selection process is finished and nobody is selected. If he removes a survivor
and j — 1> 0 (i.e., some survivors remain) then these j — 1 survivors begin another
round of coin flipping.

The end of the algorithm can occur in two possible ways:

(1) During a round of coin flipping, one or more people remain. All of the
remaining people simultaneously flip tails at this stage, and the algorithm ends. All
of the people at this last stage are selected by the algorithm.

(2) During a visit by the demon, only one person is present, and this person
is removed by the demon. In this case, zero people are selected by the algorithm.
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All of the coin flips (among the people and among the rounds) are conducted
independently.

ExXAMPLE 2.1. Suppose that the probability of heads is ¢ = 1/3 and the
probability of tails is p = 2/3. Suppose that the demon appears with probability
v = 1/5. Then the selection algorithm might proceed as follows: Initially 100
people are present. Exactly 31 of them flip heads (this happens with probability
(13010) ¢3'p%?), and then the demon arrives (this happens with probability 1/5) and
removes one of the 31 survivors. So the next round begins with 30 people. Exactly
12 of the remaining 30 people flip heads (this happens with probability (?g)qu 18y,
and then the demon leaves the survivors alone (this happens with probability 4/5).
So the next round begins with 12 people. Exactly 3 of the remaining 12 people
flip heads (this happens with probability (132)q3p9), and then the demon leaves
the survivors alone (this happens with probability 4/5). So the next round begins
with 3 people. Exactly 3 remaining people flip tails (this happens with probability
(g) ¢°p?), and all three are selected by the algorithm.

3. Notation table

Most of the following definitions are already embedded at the appropriate
places in the analysis. For the reader’s convenience, we also summarize many of the
terminologies used, in one succinct location. For the convenience of someone who
already read [LP08], we preserve some of Louchard and Prodinger’s earlier notation:

n := number of people present at the start of the selection algo-
rithm,
q := probability that a coin flip shows heads,
= 1 — ¢, probability that a coin flip shows tails,

v := probability that, during a visit by the demon, one survivor
is removed,
1 = 1—v, probability that the demon does not remove a survivor
during a visit,
X, := number of people selected by the algorithm, with n initial
participants,
m(n,m,j) := probability the algorithm selects m of the initial n people
and requires j rounds; by convention, 7(0,0,1) = 1, and
otherwise w(0,m, j) =0,
m(n,m) := P(X,, = m) = probability that the algorithm selects m
of the initial n people; by convention, 7(0,0) = 1, and
7(0,m) =0 for m # 0,
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m=0 j=0
F,(u) := F,(u,1) = Z w(n,m)u™ = Z P(X, = m)u™,
m=0 m=0
Q:=1/q,
L:= InQ,
Xe = 247i/ L,
|
H; = Z A is the jth harmonic number,
k=1
j—1
ol = [[(z—0) = (2)(z—1)(x—2)- - (w—j+1) is the jth falling
£=0
power of z,
4 j—1
E[X;] == E[H(Xn - E)} is the jth factorial moment of the random
£=0
variable X,,,
ds
E(u) = = F,(u).
D) = 1 Falw)

We utilize some concepts from the theory of g-analysis. Since the value of ¢ is fixed,
we suppress the dependence on q. For positive integers n, we use the g-Pochhammer

symbol
n—1 )
(@) = [J(1—2¢") = (1 = 2)(1 - 2)(1 — 2¢%) -+ (1 — 2" ).
3=0
We also define (v)o 1= [[524(1 — 2¢?) = lim,_ 0 (2)n. For complex-valued z, we
define

(z)oo
(2¢?) o0

(x): =

4. Results

The following two theorems precisely characterize the sth factorial moment
E[X,] and the distribution P(X,, > r) of X,,. Each has the form const+d(log, n) +
o(1). The constant and the function § both depend on s or r, respectively. In both
cases, the § is fluctuating, because 21198 ™ is fluctuating, with |e2¢"11°8e ™| = 1.
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THEOREM 4.1. The sth factorial moment of the number X, of people selected

by the algorithm, when beginning with n participants, is

E [Xp]
_ (@p)* 1(1g)oo
-7 | (@ 7
o1 o1 [, (19); pgitt ¢t
+s(=1) jg;lj [L (9); (; 1— pgi+t ~ ; 1— qj+e)+
(D)oo (HD)i\, 7 oy
+( (q)oo (q)] )(HJ H]*5+1)}:|+
+3 " pae(n) + O™,
££0
where
(@p)*(=1)° ( (HG)oo s (r9); B\ [ so1 . s—1
Paeln) = L ( (@)oo H;( @; (@ )(j BRARY ))X

THEOREM 4.2. The distribution of the number X,, of people selected by the

algorithm, when beginning with n participants, is

PG> = O L= 320 - T oyt 3 (e

y (Z (1) gtm=Dr= g (m — 1)L)}
pt s (]_ _ qm71>r75+1 (]_ _ qm71>r+1
+3 @y p(n) + O,
240
where
D, ¢(n)
Q (nq) ~ X v
— o C( . \S o\ Y
T L (9w ( ‘IS:ZI o (7P +(=p) Y4yt
a1 (1/M)m(ﬂq)m q(m_l)T B r XZ q(m_l)(T_S)
+ ( p) mz>2 (q m ((1 _ qul)r+1 pord s! (1 - qm71>r75+1)) X
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5. Asymptotic moments of the number of survivors
5.1. Derivation of generating functions

We next establish an exact formula for the bivariate generating function
F,(u,v) that describes the probabilities associated with the number of survivors
and the number of rounds in the entire algorithm.

LEMMA 5.1. Let F,(u,v) be a bivariate generating function such that the
coefficient of u™vI is the probability that, in the algorithm, exactly m people are
ultimately selected and exactly j rounds are used to complete the election. Then

F(u,v)
_(n o(—ayk (V) ke (01 x= (1= pu)pulu — 1) (uqu);
_,;)(k)( O o T DT (ugu ]Z ¢’ (vq); )

(1)

The proof of Lemma 5.1 utilizes some recurrences associated with F, (u,v).
The proof is given in Section 7.

COROLLARY 5.2. Setting u =1 in Lemma 5.1, we obtain

Fna,v)i(};‘)v(q)k W @)

= (hvq)r

This verifies that our results about the number of rounds agrees with the results from
our previous paper.

During the remainder of the paper, we no longer pay attention to the number
of rounds. We focus exclusively on the number of survivors.

LEMMA 5.3. The sth factorial moment of X,, is

=3 (1) 0w, ®)

with

(,U;)_z s(Qp)*(=1)"""¢s (2), (4)

o) = G (G = )= (e = Gy war )
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5.2. Asymptotics

Now we turn our attention to the asymptotic moments of the number of
survivors in the algorithm as the number n of initial participants grows large. We
note that (¢),—1 = (1—g? ()()qz+1) 50 ps(z) has a simple pole at each of the locations
of the form z = m + 2™ for ¢, m € Z with m < 0. By [FS95, Theorem 2], we can
restrict attention to the poles, where m = 0, i.e., where z = xy for £ € Z. Thus

Z Res [gps ni(=1)" } +0(n™t).

o X (2)(z=1)---(2—n)

We need the local expansion of ¢,(z) and thus 1)4(z) around z = 0 to two terms,

since @5(2)(@(%{)}?..(%”) has a double pole at z = 0, but only a simple pole at

z=x¢ for £#£0. As z = 0,

(NQ)J’ z ‘uqJJr qurl
(Q)j:z - ( [ Lbzl pugitt Lezzl 1— qu}’
and
(G+2)° "t~ L+ 2(Hy — Hi—gq1)] -
Thus
- (1q)so (—1)*" (s —1) B
wS( ) (q)oo S +
(na);  (nq) o
+j>zS:1K (@i (@ )
J+t J+L
(( di zLZ 1q it Lzquﬁe}_(éz‘l))oo)x

(H@)oo (—1)*"1(s — 1)
ROLE ST
J+e Jj+e
S DR SR
j>s—1 £>1
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Notice the absence of the constant term! Substituting into the definition of ¢(2)
in (4), it follows that

el T s Qp)e (1)
XZ[(ZJ))OO (—1)5‘15(8 -
J+L J+e
+ Z jkl{ (Z MquJH - Z 1 g qj+e)+
i>s—1 >1 >1
(Moo (MDY, 7 o)
+( @ (@); )(HJ H]_SH)H
as z — 0. Also z(q),—1 ~1/L and (pq), ~ 1, so
ute) o (OO [0 (s
Jj+L J+e
+S(71)571 ‘;1 |: (; Mquq]"re ; 1 zq]+€)+
(Moo (1a); i
Hlarm ~ ;) = Hrmee)]
as z — 0. Also (Z_"1'§71():_n) ~ 1 as z — 0. Therefore
os s nl(=1)"
13:0 {903( )(z)(z -1 (2—n)
= ig% ps(2)
_ (@p)* [ (19)so
=7 [(q)m (s — 1)1+
J+e J+e
+5(—1)*"" ‘;1 [ q); (; 1 qu pugitt ; 1 g q]Jrl)
. (D)o (1q);
+( (@D (9); )(H Hi- SH)H'
So the sth factorial moment E[X,] of X, is
E[X7] = (Qf)s (éq)); (s — 1)+
—1)s7! >le51{ q); (Dzl pg’* qg+e Z q qa+€)
) (Moo (MDY, 7 o)
+( @ (2); )(HJ H]_SH)”JF

+Y deu(n) + 0™,

040
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where

Fur(n) = Res [%(Z)(

Z=Xe

nl(—1)" ]
2)(z—=1)---(z—n)

= Res qXtsp® _1ys—1 n!(fl)n
= B (@] gy TV (o Sy e - )

_ @p)*(=1)° ((ég):»xz +sz(((*;q)i_j 3 (éMJ)oo)(js_l 3 (Hxé)s_l))x

L i20 @)oo
% F(*X@)eﬂmlog‘;’n (1 + O(n—l)) )

Note that e2711°8¢ " is fluctuating, with |e2¢"11°8¢ ™| = 1. This completes the proof
of Theorem 4.1.

6. Asymptotic distribution of the number of survivors
6.1. Derivation of the distribution of the number of survivors

Now we derive an exact formula for the distribution of the number of survivors
selected at the end of the algorithm.

LEMMA 6.1. Let r > 0. The probability that strictly more than r out of n
initial participants are selected at the end of the algorithm is

r) = — (n _ k-1 (q)kfl r+1/ 1\
Pe > ) =3 (1) o (e s

. (5)
(10)oo x= (/1) (@)™ 5= () (™
< S S () )

The proof of Lemma 6.1 utilizes the g-binomial theorem; see Section 7.

<

LEMMA 6.2. The distribution of X,, has the form

P(X,>r) =Y (Z) (—1)* o, (k), (6)
k=1
with
0r(x) = ! (8252 (1), (2), (7)
and
(M) [ R A S (T e
= e =)+ 7y

+y (1/u)m(uq)m(( glm=br Zz (=D (=) ))

= (q m 1 — qm—l)r+1 — S' (1 _ qm—l)r—s-i-l
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6.2. Asymptotics

Now we turn our attention to the asymptotic distribution of the number
of survivors in the algorithm as the number n of initial participants grows large.
We follow the derivation for the Rice Method discussed in Section 5. As before,
(@)z—1 = (1—qz(;1();2+1)x’ so or(z) has a simple pole at each of the locations of the
form z = m + MLM for ¢, m € Z with m < 0. Again, by [FS95], we focus on the poles
z = x¢ for £ € Z. Thus

P(X,>7)=) Res {Qr(z)
= (2)(

Z=Xe
Z

nl(=1)"

z—1)---(2—mn) +0(n™).

Similarly to the derivation in Section 5, we need the local expansion of g,.(z) and
thus ¥,.(z) around z = 0 to two terms, since o, (z) (z)(sz)l-!--(zfn) has a double pole
at z = 0, but only a simple pole at z = xy for £ £ 0. As z — 0,

20 L —~p°
)DL RSO L
s=0 s=1

ZTJrl (71)7"

~

r+ 1) T 1)
and
= q(m—l)(z+r—s)

Z s! (]_ _ qm—l)r—s-l-l

s=0
N q(m—l)r s i (_1)3—1 q(’m—l)(T—S) B zq(m—l)TL(m — 1)
(]_ _ qul)rJrl —~ s (1 _ qul)rferl (1 _ qul)rJrl
Thus
(Moo (4 ~p (n=1)g _(=1)"
U,.(z)~ ( (z — ZL) + z +
) (@)oo \(=p)" ! ; s p(r+1)

X

S (1/1)m(pg)™

(1)t gmeDE=e) e 1)
(2T Lyt gty )

More simply, as z — 0,

S

) o 5 ()0 [Q(*l)r (L_ips ) _ (= (217

z
prtt p (r+1)

Erlz (0)oo

1 m:1 "
N Z>2( /H()q)anQ) "

(=1)* == g (m — 1)L
(X7 )

(1 _ qm—l)r—s-i-l + (1 _ qm—l)r+1
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As before, notice the absence of the constant term. Substitution into (7) yields

z—1 (q)z_lpT+1(—1)TX

&~ ),
(1q)oo p wg (=1)"
"z (@)oo [ prtl ( ; s) (r+1)+
n ; 1/uq 7(5(1)
r (71)5 q(mfl)(rfs) q(mfl)r(m _ 1)L
x (; s (]_ _ qm71>r75+1 + (]_ _ qul)rJrl ):|

as z — 0. Also z(q),—1 ~1/L and (pq), ~ 1, so

’I‘

QT(Z) [ Z p 7,1/+ 1
,Q(ip)qul Z (UH();n(H‘])m %

(S 0 )]

_ —1\r—s+1 _ —1\r+1
p— 1 qm )T s (1 qm )r

as z — 0. Also (Z_"1'§71():_n) ~ 1 as z — 0. Therefore
nl(=1)"
Res |or
es or() (2)(z— 1) (2 — n)}

= el

(1) —~p°  vp 1 (1/ 1) (pg)™
a Q)W[L;S r+17Q DY x

m>2 (Q)m
r (_1)3 q(m—l)(T—s) q(m—l)r(m . 1)L
So
PG > )= e [L= 30" = 7 — o 3 e

y (Z (781)5 A S O 1)L)}+

(1 _ qm—l)r—s-i-l (1 _ qm—l)r—i-l
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where
éﬁg (n)
€S z n'(_l)n

=R [QT( )<z><z1>~-<zn>]

— Res geTtprtt nl(=1)"

=R l@d7 ), O 660 - 1) e - )

_Q (49)oe (7 ixz(f ¥+ (—p)” Xe n

TL (@) \ TP PP gy

rir = (Y )m(pg)™ o gtm=r X g
+(—p) * 7;22 (@)m ((1 — g1yl o — Sf (1 ,qu1>r—s+1))x

XF(*)@)e%ﬂ—iloan (1 + O(n—l)) )

Note that e2711°8e " is fluctuating, with |e2¢"11°8e ™| = 1. This completes the proof
of Theorem 4.2

7. Proofs

PrROOF OF LEMMA 5.1. When starting with n participants, if all n partic-
ipants are simultaneously eliminated by coin flipping, then these n participants

0, n,n

are selected by the algorithm; this corresponds to the term (g)q p"u"v in recur-
rence (8) below. If exactly j participants obtain heads, with 1 < j < n, then the
demon arrives and removes one additional participant with probability v, or leaves
the j remaining participants alone with probability p. This phenomenon corre-
sponds to v Y7, (7)a’p" 7 (vFj—1(u,v) + pFj(u,v)) in formula (8). (Note that,
since Fy(u,v) = v, the recurrence below also holds when n = 0.) So the recurrence

R = (§)aruo+ 03 (0) e B )+ b )

j=1
holds for all integers n > 0. More simply,
n n . .
Fatwo) = o+ 3 (M) 0w b)) O
j=1

Next we define the exponential generating function
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From the recurrence in (9), it follows that
n

G(Zvu’ U) (p”u” + Z < > VFJ 1(u U) * MF (u v))) jl!

n=0

_ (epuurzq 2 WF;_1 (u,v) 4 pnFj(u, U))i (?)pnj z;;!j) (10)

_ v<el)uz epz (qul) (VFj_1(u,v) + pF;(u, v)))

= v(epuz + epz Vq /G(qz,u, v)dz + uG(qz,u,v) — ,uv)).

The generating function G(z,u,v) becomes simpler if we replace the fixed
number n of people present at the start of the algorithm by a Poisson number of
participants with mean z. For this reason, we replace G(z,u,v) by the Poissonized
exponential generating function

n

D(z,u,v) = G(z,u,v)e” ZD U, v)

From (10), it follows that
D(z,u,v) = vePUTz 4 gyemaz (Vq /G(qz, u,v) dz + pG(qz,u,v) — uv). (11)

We use a succinct notation for differentiation with respect to the first of three
variables:

d
D(z,u,v)

D' (z,u,v) := &

and p
/ —
G'(z,u,v) = dZG(z,u,v).

Differentiating both sides of (11) with respect to z yields

D' (z,u,v) = (pu — 1)veP¥=D* _ yge=? (Vq /G(qz7 u,v)dz + pG(qz, u,v) — /w)—i-
+ve” % (vqG(qz, u,v) + ugG'(qz,u,v)).
It follows that
D'(z,u,v) + qD(z,u,v) = pquD'(qz, u, v) + quD(qz,u,v) + PV py(u — 1).

For n > 1, extracting the coefficient of 7 1), from D(z,u,v) =Y ", Dn(u,v)fg
yields

Dy (u,v)+qDy—1(u,v) = pquD, (u,v)q"  +quDy_1 (u, v)¢" ~ +(pu—1)""1pv(u—1),
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or equivalently,

n __ -1 n—1 -1
Do(,0) = D1 (u,0) "0 1 (pu—1)"""pv(u—1)
1 — povg™ 1 — povg™
Iterating this recurrence yields
n—1 1 n k

" u— 1) pv(u — 1 _ . o(vg" —q

Do (1, 0) = v(—q)" (v) n (p )Y p 75 ) Hk,ﬁ_ez( )
(v g)n =0 Hé:j-i-l(l — pvqt)

n—1 ;
n (V)n n—1 (V@) n— 1 — pu)’pv(u — 1)(uqv);
gy O g Ot ),
(1vq)n (1qo)n = ¢7(vq),
Note that Fy,(u,v) = Y"1 (%) Dx(u,v), so Lemma 5.1 follows.

PRrROOF OF LEMMA 5.3. Setting v =1 in Lemma 5.1, it follows that

F,(u)= F,(u,1)

e (N (e (D b1 (@1 o= (1= puYp(u—1)(ug);

i (k) (( D g T (g J; ¢ (q); )
k—1

_ i L @k—1 = (1= pu)plu —1)(pq);

B +Z( ) JZO ¢ (q); '

(12)
It follows that, for s > 1,
1

(s) _ - Y\ k=1 k(q)kfls s 1\s—1 . (,uq)J cs—1
POW =32 () 0t e i@t Sl )

Dissecting the summation over j in (13), we obtain

s -Gl
_ (Z;;z: ks j>0[(égij 3 (é@;);o} o1 _jZk[(Z;;ij 3 (é@;);o} o1
- gl - gl - o

(B K° (ha); (@)oo so1 ((BDj4e  (HD)oo s—1
- +2 (), )77 =l ~ g )0 977)
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Finally, we observe that, since F,(u) = > ~_ m(n,m)u™, then F,Ss)(l) =

Yoo ym®m(n,m) = E[Xy]. Thus E[X,] has the representation given in the state-
ment of Lemma 5.3.

PROOF OF LEMMA 6.1. First of all,

T

P(X, >r)= Z w(n,m)=1-— Z w(n,m).

m>r m=0
Note that >/ _ 7(n,m) = [u" ]Fl_(u) and of course 1 = [u"] | ! | so
1— F,(u)
P(X, =[u"
(X >m =)'
Fn(u) —1
ol
k—1
u)p(nq);

(by equation (12))
1(a);

(o £

7=0

I ;g@ A
(14)

We focus on the second summation in (14). Recall that (), := (2)o /(2¢*) 0, SO

(h9); _ (M@)o (1o
@i (@D (g7)o

Also, the g-binomial theorem states ((‘2 Z)): =2 >0 EZ;’" ™ Specifying z = pug’t!

and a = 1/p, -
(qu‘r )oo _ Z (]-/M)m (quJrl)m. (16)

(1" oo 2=t (D)im
Combining (15) and (16) yields

SO £ 0 5 e

Jj= 7=0 m>0

(15)

el (17)
S
Thus
P(X, >r)
& (n L@t oo 1/ <m’“' N
S (1) oty (e 52 WS () ()

as claimed in the lemma.
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PrOOF OF LEMMA 6.2. Let r > 0. The probability that strictly more than r
out of n initial participants are selected at the end of the algorithm is

P(X, >r)
e e 5 S0

(18)
We handle the sum over m in Lemma 6.1 in three parts, m =0, m = 1, and m > 2,
as follows:

> (1/u()m(uq)’" '“z_:l (i) (qj)mfl

=6 Dm =
k=1 ,. k=1 ,. k=1 ,.
_ 7\ i (=1/p)(uq) j (1/p)m (pg)™ AV
=W a-g AP R AN
=0 q j=0 m>2 4)m =0
k-1 ,. r m k=1 ,. _
N (N i (=g kT (1/1)m (1q) AV
N )4 * (r+1)! * (q) Z r)\1 '
§=0 p Tom>2 @) j=0
(19)
Now we focus our attention on the sums of the form Z?; ( )zf Writing D = dl,
we note
k—1 z’” k—1 e A
j= J= j=

The remainder of the analysis does not depend on k being an integer. We have

z" 1— 2

T!DT 1—z 7l ;( )DS -= ).Dris(li:p)
- i:(lf‘rk)' (1—z)r+1 7l Z< >ksxks' (1 (_Tx)rs—)i-i-l
1)

r k

B T z"x Z kS ghtr—s
T (1)l (1 — )l 1 (1 — )r—s+1
(1—2) (1—2a)r st (l—a)s

T

T ks
T (1 —z)rtt ; sl (1 —z)r—s+1’

xk-}-r—s

«

Thus, combining (20) and (21) with = ¢™~!, we can simplify the “m > 2” term

of (19) as follows:
k-1 ,. \m—1 (m—1)r r ks (m—1)(k+r—s)
(J) (q]) - ! —1)yr+1 *Z ! —1)r—s+1° (22)
— \r (L—gm=t)yrtt sl (L—gmt)r=st

<.
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For m = 0, the analogous equation is

q = _ - C1\r—s
= r (1 —q 1)7‘-‘,—1 g s! (1 —q 1)7‘ s+1

T

- (_p(§7‘+1 (1 - Z i? qik(*p)s)'

s=0
Plugging the results from (22) and (23) into (19), we get
1

Ol

mZO (q m jZO
q r ks —k . (’u _ 1)q k/,rJrl
= 1- _
(7p)r+1 ( —~ s! q ( p) ) + » (T " 1)| +
1/ 1) m m (m—1)r T s g(m—1)(ktr—s)
+Z(/u (hg)™  q i L
m>2 (@)m (I —gm=h)rtt sl (1 —gmt)r—stt

Finally, a substitution into the form of P(X,, > r) in Lemma 6.1 yields
Lemma 6.2.

8. Future problems

A key problem for future analysis involves a more robust demon, who might
be able to remove more than one participant at a time. Another problem to be
studied in the future might involve replacing the 2-outcome coins (heads versus
tails) with a coin that itself involves some uncertainty. Another interpretation of
this extension is that the parameters p and g are unknown before the coin is flipped.
Many other possibilities exist for generalizing the present algorithm.
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